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SHU KAWAGUCHI 

Abstract. Let A be a smooth projective surface over a number field K(c C), and / : 
X — > X an automorphism of positive topological entropy. In this paper, we show that 
there are only finitely many /-periodic curves on X. Then we define a height function ho 
corresponding to a certain nef and big R-divisor D on X and transforming well relative to 
/, and deduce some arithmetic properties of /-periodic points and non /-periodic points. 



Introduction 

Let X be a smooth projective surface over a number field K C C, and / : X —>■ X an 
automorphism. 

For x G X(K), we denote by Ot(x) := {f n {x) | n > 1} the forward orbit of x under /. We 
fix an ample line bundle H on X and take a height function hn '■ X(K) — > R corresponding 
to if. A point a; is said to be f -periodic if f n (x) = x for some positive integer n. Since / is 
an automorphism, x is /-periodic if and only if Oj(x) is a finite set. If Oj(x) is not a finite 
set, we estimate an arithmetic size of Oj(x) by defining 

nU t ) ■= #{y G oft?) I Mv) < T ) 

for T > 0. 

We set Xc := Ix^) Spec(C), and write fc '■ Xc — > Xc for the induced automorphism. 
Then /c induces the linear transformation on If ' (Xc, ffi). Let A be the spectral radius 
of i.e., the maximum of the absolute values of all the eigenvalues of /£. Note that A is 

equal to the first dynamical degree Xi(fc) of fc, defined by Ai(/c) := lim n ^ +00 ||/c*ll™ ( see 
for example jH §1.4] and [TP]). 

In this paper, we prove the following assertion (a more precise form will be given below), 
in a sense generalizing [2T] . 

Recall that a subset S C X(K) is called a set of bounded height if there is a constant c 
such that hn(s) < c for all s E S. 

Assertion A. Assume A > 1. Then 

(1) there are a height function h on X(K) and a proper Zariski-closed subset Z\ of X 
such that h transforms well relative to / and such that h satisfies the Northcott 
finiteness property on (X \ Zi)(K). 
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(2) There is a proper Zariski-closed subset Z 2 of X such that 

{x E (X \ Z 2 )(K) | x is /-periodic} 

is a set of bounded height. 

(3) There is a proper Zariski-closed subset Z 3 of X such that, if x E [X \ Z 3 ) (K) is a 
non /-periodic point, then 



Before discussing Assertion IA1 in more detail, we remark that (a similar) assertion is known 
to be true for some other (X, /). We consider a modified assertion of Assertion |A~1 in which 
A is replaced by the first dynamical degree Ai(/c), and /-periodicity by /-preperiodicity. 
(Here x is said to be /-preperiodic if (x) is a finite set.) 

The first case we remark is when X is a smooth projective variety and / : X — > X is a 
morphism such that f*(L) ~ dL for some ample divisor L and d > 1. This case is studied 
in Call-Silverman [6]. Here the modified assertion holds true with Z\ = Z 2 = Z 3 = by [61 
Theorem 1.1 and Corollary 1.1]. We note that one can check \i(fc) = d (> 1) in this case, 

using Ai(/c) = lim^+oo ( J x f n *uj A oj AirnXc ~ 1 ') " for any normalized Kahler form u on X c 
( [TO] p. 314] and Remark 1.17]). The second case is when X is P 2 and / : P 2 —+ P 2 is a 
birational extension of a polynomial automorphism of the affine plane /o : A 2 — > A 2 . Then 
the modified assertion holds true with Z\ = Z 2 = Z% = Hoo, where is the hyperplane 
at infinity, i.e., = P 2 \ A 2 . For details, see [13] and the references therein. We warn, 
however, that there are (X, /) for which the modified assertion does not hold true. (For 
example, consider a morphism / = (fi, f 2 ) : P 1 x P 1 — > P 1 x P 1 , where f\ : P 1 — > P 1 is a 
linear map and f 2 : P 1 — > P 1 is a quadratic map.) 

Let us go back to our setting where / is an automorphism of a smooth projective surface 
X. Since the works of Gromov and Yomdin state that log A is equal to the topological entropy 
^top(Zc) of fc, the condition A > 1 in Assertion IA1 means that fc has positive topological 
entropy. It is known that, from a dynamical viewpoint, automorphisms of positive topological 
entropy enjoy many interesting properties (cf. [3 [El El HOl HH1 US] ) - According to Cantat [TJ 
Proposition 1], if X has an automorphism of positive topological entropy, then X is either 
a non-minimal rational surface, or a surface birational to a K3 surface, an Enriques surface 
or an abelian surface. 

To single out Zi,Z 2 and Z3 in Assertion |XJ we first show the following. Here a curve 
means a reduced effective divisor on Xc, and an irreducible curve C is said to be fc-periodic 
if /c(C) = C for some positive integer n. 

Proposition B (cf. Proposition 13.11) . Let fc : Xc —>■ Xc be an automorphism of a smooth 
projective surface, which has positive topological entropy. Then there are only finitely many 
fc-periodic curves on Xc- 

In fact, we construct a nef and big M-divisor class v in the Neron-Severi group tensored 
by M such that an irreducible curve C on Xc is /c-periodic if and only if (z/, [C]) = 0. By 
Proposition IB1 we define the maximal /c-invariant curve E by E := J^C, where C runs 
all /c-periodic curves on Xc- As we will see later, we can take Z\ = Z 2 = Z% = E. We 
remark that E = if and only if v is ample, and, in case E 7^ 0, general points on E 



(0.1) 




log A 



1 



SURFACE AUTOMORPHISMS 



3 



behaves differently from general points on X \ E (Theorem 16. 5j) . We also remark that, as a 
corollary of Proposition [BJ we see that an automorphism fc of positive topological entropy 
has a Zariski-dense orbit (cf. Corollary 13.31 and [T9t Theorem 1.4(2)]). 

In the following, for simplicity, we say that / has positive topological entropy if fc does, 
and we use the notation h top (f) instead of h top (fc)- We show in Lemma [3781 that we can 
take an IR-divisor D with [D] = v such that f*(D) + f~ l *(D) is R-linearly equivalent to 
(A + X~ 1 )D. In our setting where / : X — > X is defined over a number field K C C, E is 
defined over K and D can be taken so that it is defined over K (Lemma 15 . 11) . 

The following is a precise form of Assertion Kl(l), 

Theorem C (cf. Theorem 15.21) . Let X be a smooth projective surface over a number field 
K C C, and f : X — > X an automorphism of positive topological entropy h top (f) = log A. Let 
oe i/ie rae/ ano? frig M.-divisor as above, and E the maximal f -invariant curve. Replacing 
K by a suitable finite extension if necessary, we assume that D and E are defined over K . 
Then there exists a unique function 

h D : X(K) -> R 

with the following two properties. 

(i) hi) is a height function corresponding to D. 

(ii) h D (f(x)) + h D (f- 1 (x)) = (A + \~ 1 )h D (x) for all x G X{K). 

Moreover, h D satisfies the following properties. 

(iii) hj^ is non-negative. 

(iv) For x G X(fC) ? hi>(x) = if and only if x lies on E or x is f -periodic. 

(v) h D satisfies the Northcott finiteness property on (X \ E)(K) (See Theorem \5.2\ for a 
precise statement). 

We call ho a canonical height function for f and D. 

In a pioneering paper [21], Silverman constructed canonical height functions h on K3 
surfaces given by the complete intersection of (1,1) and (2,2) hypersurfaces in P 2 x P 2 , 
and showed that h enjoys properties comparable with the Neron-Tate height functions on 
abelian varieties. These K3 surfaces have two involutions o~i, o~i induced from the projections 
Pi,P2 '■ X — > P 2 . One sees that the composition o~i o o\ has the positive topological entropy 
log (7 + 4-\/3), and h is the canonical height function for a 2 o oi and (1 + \f?>)(p\H + p* 2 H), 
where if is a line in P 2 . From this view, Theorem ICl gives an extension of [211 Theorem 1.1] 
to any smooth projective surface automorphisms of positive topological entropy. We also 
note that Theorem O, together with Theorem [Dl below, gives a refinement of [TH §1] when 
(X; f, / _1 ) is viewed as a dynamical eigensystem for D of degree (A + A -1 ). 

On the above K3 surfaces, there are no (cr 2 o cr 1 )-periodic curves and so D is ample. In 
general, projective surface automorphisms of positive topological entropy have non-empty E 
and so D cannot be ample. Still, there is an effective divisor Z on X such that Supp(Z) C 
Supp(-E) and such that D — eZ is ample for sufficiently small e > 0. Moreover, since E is 
a curve, the dynamical properties of / restricted to E are easy to understand. By these, 
together with Theorem [Cj we get Assertion IAT2) (3) . 
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Theorem D (cf. Theorem 16 A\ Corollary I6.6[) . With the notation and assumption in Theo- 
rem we have the following. 

(1) The set {x G (X \ E)(K) | x is /-periodic} is of bounded height. 

(2) Let x G (X \ E)(K) be a non f -periodic point. Then 

v N^(T) 1 
lim / — = -. 

T^+oo log T log A 

(Also see Theorem \6.5\ for stronger statements.) 

The organization of this paper is as follows. After reviewing some basic facts on smooth 
projective surfaces over C in £JTJ we construct a nef and big R-divisor class v in £J2], with which 
we derive finiteness of /-periodic curves in §[3l Also in §[3j we give examples of automorphisms 
of positive topological entropy, and construct a nef and big IR-divisor D with [D] = v. Now 
turning our attention to arithmetic properties, we briefly review on height functions in £jU 
In £j5l we construct canonical height functions hp and study their further properties. In 
we prove Theorem [D] and related results. 

One approach to prove Theorems O and [D] would be to contract the curve E on X and 
to work over the singular surface Y on which E is contracted. In general, however, this 
is possible as analytic surfaces (cf. [TTj Example 5.7.3]), and it is not clear to the author 
whether in our case Y is algebraic (which is preferably Q-factorial) . So, we choose to work 
over X, using the ampleness of D — eZ. 

Cantat [7] showed the existence of the unique invariant probability measure /i of maximal 
entropy on X. Finally let us note that it would be an interesting question whether or 
not the Galois orbits of general periodic points (or of general points of small height) are 
asymptotically equidistributed with respect to ji (cf. [HI Question 3.4.1]). 

Acknowledgments. I thank Professors Takeshi Abe, Vincent Maillot, Shigeru Mukai and 
Keiji Oguiso for valuable discussions and assistance. I thank the referee for carefully reading 
the manuscript and giving many helpful comments. 

1. Preliminaries on projective surfaces 

In this section, we review some facts on projective surfaces and fix notation that will be 
used in the sequel. We refer the reader to [2], [3] and [15] for details. 

Let X be a smooth projective surface over C. A curve means a reduced effective divisor 
on X. We write for Div(X) the group of divisors on X, and C1(X) for the divisor class group 
on X, i.e., the linearly equivalence classes of divisors on X. Let N X (X) be the Neron-Severi 
group, i.e., the numerically equivalence classes of divisors on X. We denote its rank by p. 
We write D1vr(X) := Div(X) ® R for the R-vector space of R-divisors on X, and C1(X)]r 
for the R- vector space of R-linearly equivalence classes of R-divisors on X, and X 1 (X)jr 
for the R- vector space of numerically equivalence classes of R-divisors on X. We note that 
C1(X) R = C1(X) <g> R and X 1 (X) R = X : (X) ® R. For R-divisors D 1} D 2 , we write D x ~ R D 2 
if Di,D 2 are R-linearly equivalent. For an R-divisor D, we denote by [D] its image in 
X 1 (X)r. An R-divisor D is said to be integral if it lies in the image of the natural map 
Div(X) - Div(X) K . 
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An M-divisor D is said to be ample (resp. big, effective) if D is expressed as a finite 
sum D = Y2 c iDi for some Cj > and ample (resp. big, effective) integral divisors Dj. An 
M-divisor D is said to be nef if (D,C) > for all irreducible curves C on X. Amplitude, 
bigness and nefness depend only on numerically equivalence classes. Let Amp(X) C A^ 1 (X)r 
and Nef(Jf) C X 1 (X)k denote the ample cone and the nef cone in iV 1 (X)]R, respectively. 
Kleiman's theorem states that the closure of the ample cone is equal to the nef cone ( [T5| 
Theorem 1.4.23]): 

(1.1) Amp(X) = Nef(X). 

We collect some facts on M-divisors. For a proof, see for example [151 Proposition 2.2.22, 
the proof of Theorem 2.3.18]. 

Proposition 1.1. Let D be an ~R-divisor on X . 

(1) D is big if and only if [D] = [A] + [N] in X 1 (X)k , where A is an ample M.-divisor 
and N is an effective ~R-divisor. 

(2) Assume D is nef. Then D is big if and only if (D 2 ) > 0. 

Since X 1 (X)k has signature (1, p— 1) by the Hodge index theorem, the set {x G X 1 (X)u | 
(x,x) > 0} consists of two disjoint cones. Let P be the positive cone, i.e., one of the 
cones that contains an ample divisor. Let P be the closure of P in iV 1 (X)iR. The following 
elementary lemma will be useful. See for example p, IV, Cor. 7.2] about (1) and (2). The 
Cauchy-Schwartz inequality yields (3). 

Lemma 1.2. (1) Ifx,yE P, then (x,y) > 0. 

(2) Ifx E P\{0} andy G P, then (x,y) > 0. 

(3) If x,y G P\ {0} and x ^ ty for all t G M>o, then (x, y) > 0. 

The next proposition will be used in £j3] and £JH 
Proposition 1.3. Let v G N X (X)^ be a nef and big Ik-divisor class on X . We set 
Z(v) := {C | C is an irreducible curve on X such that (u, [C]) = 0}. 

Then 

(1) Z{y) is a finite set. 

(2) There is an effective divisor Z on X such that Supp(Z) C IJcezH Supp(C) and such 
that v — e[Z] is ample for all sufficiently small e > 0. 

Proof. (1) From Proposition ll.l[ there are an ample IR-divisor A and an effective K- 
divisor N such that v — [A] + [N]. If an irreducible curve C satisfies (u, [C]) = 0, then 
(N,C) = —(A,C) < 0. Hence C must be an irreducible component of Supp(iV). Since the 
number of irreducible components of Supp(iV) is finite, Z[y) is a finite set. 

(2) We set Z{y) = {Ci, . . . ,C m }. Since (z/ 2 ) > 0, the Hodge index theorem asserts that 
the intersection matrix ((Ci,Cj))ij < 0. Then there is an effective divisor Z\ = ^Y^i=\ a iPi 
such that, for all i, (Z h d) < and a, > (cf. [21 Chap. I (2.10)]). 

We claim that u—e[Zi] is nef and big for all sufficiently small e > 0. Indeed, since (u 2 ) > 0, 
we have ((i> — e[Zi\) 2 ) > for 1 ^> e > 0. Let C be an irreducible curve on X. If C G Z(u), 
then {y - e\Z^ [C]) = -e{Z Xy C) > 0. If C C Supp(X) but C Z(u), then (is, [C]) > 0, so 
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that {v - e[Zj, \C\) > for 1 > e > 0, On the other hand, since Z{y) C Supp(iV), iV - eZ,. 
is effective for 1 ^> e > and Supp(iV — eZi) C Supp(iV). Thus, if C ^ Supp(iV), then 
0-e[Zi], [C]) > {N-eZ 1} C) > 0. We conclude that v-e[Z^\ is nef and big for 1 > e > 0. 
There is some Cj with (Zi,Ci) < 0. (Indeed, if (Zi,Ci) = for all i, then Zi = Y^iL\ a i^i 
is numerically trivial by the Hodge index theorem, which is absurd because eij > for all i.) 
Hence 

Z(y — s\Z\\) := {C | C is an irreducible curve on X such that (y — s[Zi], [C]) = 0} 

is a proper subset of Z{y). Inductively, we apply the above argument to v — e[Zi], we see 
that there is an effective divisor Z on X with Supp(Z) C IJcezo) Supp(C) such that u — e[Z] 
is nef and big for 1 ^> e > and such that 

Z{y — s[Z]) := {C | C is an irreducible curve on X such that {y — e[Z], [C]) = 0} 

is empty. Then the Nakai criterion for R-divisors due to Campana and Peternell ( [T5| 
Theorem 2.3.18]) yields that v — e[Z] is ample for 1 ^> e > 0. □ 

2. Nef and big M-divisor classes 

Let X be a smooth projective surface over C, and / : X — > X an automorphism. Then / 
induces /* : H 2 (X, Z) — > H 2 (X, Z). By a slight abuse of notation, we also denote by /* the 
induced transformations on H 2 (X, M) and on H 2 (X, C). Let 

A : = sup{|t| | det(t/-/*) = 0} 

be the spectral radius of /*. 

By the works of Gromov and Yomdin, the topological entropy of / is related to the spectral 
radius of /*, which we might take as one of the definitions of topological entropy. We put 
together in Theorem 12. II the works of Gromov and Yomdin and other results which will be 
needed in the sequel. For Theorem 12.1( 1). we refer the reader to [8J Theorem 2.1.5] and 
[TOf Theoreme 2.1]. For Theorem 12.1( 2). we refer the reader to [HI Theorem 3.2]. We note 
that K3 surfaces are treated in [T8J Theorem 3.2], but since the signature of M) is 

(l,p — 1), the argument there also applies to automorphisms of smooth projective surfaces. 

Theorem 2.1 (cf. jH [101 HE]). Let f : X — * X be an automorphism of a smooth projective 
surface on X . 

(1) The topological entropy h top (f) is equal to log A. Moreover, h top (f) is also equal to 
the spectral radius of f*\ H i,i(xm) acting on H l,1 {X, R). 

(2) Assume f has positive topological entropy, i.e., A > 1. Then the set of eigenvalues of 
f* with counted multiplicities is given by 

{A, A , act, a 2 , • ■ ■ , adimH 2 (x,R)-2}? 

where \oti\ = 1 for all i = 1,2,..., dim H 2 (X, R) — 2. In particular, f* has a unique, 
simple eigenvalue (3 with \f3\ > 1, and (3 is equal to A. 

Lemma 2.2. LetX be a smooth projective surface overC, and f : X —> X an automorphism. 
We assume that the Kodaira dimension of X is non-negative. Let Xq be the minimal surface 
of X , and n : X — > Xo the contraction morphism. Then there is a unique automorphism 
fo : X -> X with tt o / = f o vr. Moreover, h top (f ) = h top (f). 
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Proof. The automorphism / : A — > A induces a birational map /q : A —+ X with 
7i o / = f o 7T. Since the Kodaira dimension of X is non-negative, /o is an automorphism 
(P Theorem V.19]). 

Let {Fx, . . . , Ffc} be the set of exceptional irreducible curves of ir, i.e., the set of irreducible 
curves F;'s that are contracted to points by tt. Then H 2 (X, Z) = n*(H 2 (X , Z))©0j =1 Z[Ff]. 

Since 7r o / = / o tt, /* preserves 7r*(i/ 2 (Ao, Z)) and ©^ =1 Z[i^]. On the other hand, since 
the intersection form on ®^ =1 Z[Fj] is negative definite, Lemma [2.31 below asserts that the 
eigenvalues of /*|0* z[Fi] ^ e on ^ ne un ^ circle- Hence f has the same topological entropy 
as / by Theorem 12.1( 1). □ 

Lemma 2.3 ([IE], Lemma 3.1). Let 0(p,q) C GL P+(J (R) be the orthogonal group of the real 
quadratic form x 2 + ■ ■ ■ + x 2 — x 2 +1 — ■ ■ • — x 2 +q of signature (p,q). Then, for any T G 0(p,q), 
T has at most min(p, q) eigenvalues outside the unit circle, counted with multiplicities. 

Cantat [7J Proposition 1] classified smooth projective surfaces that have automorphisms 
of positive topological entropy (cf. Lemma [2. 2p . 

Proposition 2.4 ([7], Proposition 1). Let X be a smooth projective surface overC which has 
an automorphism of positive topological entropy. Then X is either a non-minimal rational 
surface, or a surface birational to a A3 surface, an Enriques surface or an abelian surface. 

From now on, we consider automorphisms of positive topological entropy. The next propo- 
sition concerns the existence of a nef and big M-divisor class v that transforms well relative 
to /. This may be seen as an M-divisor class version of [7J Theoreme 2] and [HI Theorem 5.1]. 

Proposition 2.5. Let X be a smooth projective surface over C, and f : X — > X an auto- 
morphism of positive topological entropy log A. 

(1) There are non-zero nef classes v + and v_ G Nef(X) such that = Xu + and 

/*(!/_) = A" 1 !/-. 

(2) We have (u+) = and (z/ 2 ,) = 0. If v'_ G Nef (A) are other nef classes with 
f*{v+) — /*( z/ -) — A _1 z/L, then v' + = c + u + , v'_ = c_z/_ for some c + ,c^ > 0. 

(3) Set v := u + + v_ G A 1 (A)jr. Then v is nef and big. Moreover, one has 

/» +/-!» = (A + A->. 

Proof. (1)(2) This is remarked in [HI Remerque 1.1] for K3 surfaces, whose argument 
also applies to other surfaces. For the sake of completeness, we briefly give a proof. 

By Theorem 12.1( 2). there are non-zero u + and z/_ G H 2 (X, IR) such that f*{y + ) = Xu + 
and = A _1 z^_. We claim that the classes v + and v_ belong to X X {X)^. Indeed, we 

set 

W := {x G H 2 (X,R) | (x,6) = for all 5 G N\X)}. 

If A is a rational surface or a surface birational to an Enriques surface, then W = 0, so 
that we get the claim trivially. If A is a surface birational to an A3 surface or an abelian 
surface, then the Lefschetz (1, l)-theorem tells us that f*\ w is conjugate to an element of 
0(2, 0) x O(0, dimif 2 (A, R) — 2 — p). Then, from Lemma [X3| all eigenvalues of f*\ w lie on 
the unit circle. Thus we get the claim in this case also. 
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Now Proposition 12.5( 1) (2) is proven as in Theoreme 2] and [9j Theorem 5.1]. Noting 
that Amp(X) spans A^ 1 (X)r as an M- vector space, we take a general element 7 in Amp(X) 
and fix it. Since A is the unique, simple eigenvalue of /* whose absolute value is greater 
than 1 by Theorem 12.1( 2). ^(/*)"(7) converges to cv+ with some c 7^ as n — > +00. We 
replace v + by cu + . Since 4r(/*) n (7) G Amp(X) for all n > 1, we see that z/ + G Nef(X) by 
Kleiman's theorem fll.il) . A similar argument shows that z/_ can also be taken in Nef(X). 

It follows from A 2 (zrjJ = (f*(v+) 2 ) = {v 2 + ) that (v\) = 0. Similarly, (u 2 ) = 0. By 
Theorem 12.1( 2). v + is unique up to positive real numbers and so is 

(3) Obviously, v = u + + V- is nef. Since [y 2 ) = (z/+) + 2(v + ,V-) + (u'i) = 2(v + ,U-), 
Lemma 0^3) yields that (u 2 ) > 0. By Proposition 0(2), v is big. We have 

= (A + A-^K + i/.) = (A + A- 1 )//. 

□ 

Remark 2.6. If A is a quadratic irrational number, then v can be taken as an integral 
divisor class, i.e., v G N X {X). Indeed, in this case, A is a root of the quadratic polynomial 
t 2 — rt + 1, where r := A + A -1 is an integer. We set F = Q(A) and let Of be the ring of 
integers of F. Let a G Gal(F/Q) be the non-trivial element. 

Then there is a nef class v + G N 1 (X) ®i Of with /V+ = Az/ + . We set z/_ := o"(z^ + ) G 
X 1 (X) ®i Of- Then z/_ is nef and f*(vJ) = A _1 z/_. We set u := u + + z/_. Since a{y) = u, 
we see that v G N X {X). 



3. FlNITENESS FOR /-PERIODIC CURVES 

Let A be a smooth projective surface over C, and / : X — > X an automorphism of positive 
topological entropy. A point 1 on X is said to be f -periodic if f n (x) = x for some positive 
integer n. An irreducible curve C on X is said to be f -periodic if f n (C) = C for some 
positive integer n. Note that an /-periodic C may not be fixed pointwisely by /. 

By [3 Theoreme in p. 906], if / has positive topological entropy, then there are infinitely 
many /-periodic points on X. Indeed, suppose there are only finitely many periodic points, 
then the support of the measure of \x in op.cit. is a finite set. This is impossible since the 
measure entropy with respect to fi is log A > 0. 

In contrast, the next proposition shows that there are only finitely many /-periodic curves 
on X. 

Proposition 3.1. Let X be a smooth projective surface over C, and f : X — > X an auto- 
morphism of positive topological entropy. 

(1) There are only finitely many f -periodic curves on X. If X is non-rational and C is 
an f -periodic curve, then C is isomorphic to P 1 . 

(2) Let v G A 1 (A)k be a nef and big class in Proposition \2.b\ Then an irreducible curve 
C is f -periodic if and only if ([C], v) = 0. Moreover, if X is non-rational and C is 
an irreducible curve with ([C], v) = 0, then C is isomorphic to P 1 . 
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Proof. In virtue of Proposition ll.3[ we have only to show (2). Let log A denote the 
topological entropy of /. 

Suppose C is an /-periodic curve, i.e., f n {C) = C for some positive integer n. For fcGZ, 
we then have 

(3-1) + ([Cd, = ([C7],!/) 

= ([f kn (C)],v) = ([C],(f) kn (v)) 

= ([c},(n kn (v + )) + ac},(n kn (v-)) 

= X kn ([C],u + )+X- kn ([C],u^). 

Since Eqn. (13.11) holds for all k G Z, we obtain ([C],z/ + ) = and ([C],i/_) = 0, whence 
([C},u) = 0. 

Next, suppose C is an irreducible curve with ([C], v) = 0. Since v + and i/_ are nef classes, 
we get ([C],u+) = and ([C], vJ) = 0. Then 

(if k (C)], v) = \ k ([C},u + ) + \- k ([C], = 

for all k Eli. Proposition 11.3( 2) yields that f k {C) = f l (C) for some positive integers k < I. 
Thus f- k (C) =C. 

Finally, suppose that X is non-rational. By Proposition 12.41 X is birational to a K3 
surface, an Enriques surface, or an abelian surface. Let C be an /-periodic curve. 

Case 1: The case X is minimal. Since (z/ 2 ) > and (u, [C]) = 0, the Hodge index 
theorem yields that (C 2 ) < 0. Since Kx is numerically trivial, we have (C, Kx) = 0. Then 
the adjunction formula shows that C is a smooth rational curve with selfintersection —2. 

Case 2: The case X is not minimal. Noting that X is non-rational, let Xq be the minimal 
surface of X, and tc : X — > Xo the contraction morphism. By Lemma 12.21 / induces the 
automorphism / : X — > X with h top (fo) = log A. 

If C is contracted to a point by 7r, then C is isomorphic to P 1 . If C is not contracted to a 
point by tt, then we set C = 7r(C). Since 7r o / = / o 7T, C is / -periodic. Then, by Case 
1, C is isomorphic to P 1 . Since n is a succession of blow-ups, 7r| c : C — > C is birational. 
Hence C is isomorphic to P 1 . □ 

A curve D on X is said to be f -invariant if /(-D) = D. We define the curve E by 
(3.2) ^ = E C ' 

where C runs all /-periodic curves. Then E is /-invariant. We will call E the maximal 
f -invariant curve. This terminology may be justified from the following proposition. 

Proposition 3.2. The curve E is maximal among f -invariant curves. Namely, if D is an 
f -invariant curve, then E — D is effective. 

Proof. Let D = Yli=i Di be the irreducible decomposition of D. Then / acts on the set 
{D\, . . . , Dk\ as a permutation. In particular, f kl (Di) = Di for all i. This shows that D^s 
are /-periodic, and thus E — D is effective. □ 

The following corollary gives a different proof of [191 Theorem 1.4(2)] (cf. Remark 13. 4p . 
when X is an algebraic K3 surface. 
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Corollary 3.3. Let X be a smooth projective surface over C, and f : X — > X an automor- 
phism of positive topological entropy. If x is not f -periodic and does not lie on E, then the 
orbit {f n (x) | n G Z} is Zariski dense in X . 

Proof. Let W be the Zariski closure of {f n (x) \ n e Z}. To derive a contradiction, we 
assume W ^ X. Since the one dimensional component W\ of W satisfies f{W\) = Wi, we 
have W\ C Supp(-E) by Proposition 13.21 Since x does not lie on E, we conclude W\ = 0. 
Then W becomes a finite set, which contradicts with the assumption that x is not /-periodic. 

□ 

Remark 3.4. In contrast, suppose X is a K3 surface and / : X — > X is an automorphism 
of null topological entropy. Then X = |J C as a set, where C runs all /-periodic curves. 
Indeed, by [8J, Proposition 1.4, Corollaire 2.2], either f n = id for some positive integer n, or 
there is a surjective morphism ir : X — > P 1 with it o / = 7T. In the first case, every curve is 
/-periodic. In the second case, every curve in a fiber is /-periodic. 

For illustration, we give some examples of projective surface automorphisms of positive 
topological entropy. For other examples, we refer the reader to [8] and [IB] . See also [HI 
§1.4] and the references therein. 

Example 3.5 (K3 surfaces in P 2 x P 2 ). Let X be a K3 surface in P 2 x P 2 given by the 
intersection of hypersurfaces of bidegree (1,1) and (2,2). This surface is sometimes called 
a Wehler K3 surface (cf. [17]). When X is defined over a number field K, Silverman J2TJ 
constructed a canonical height function on X(K) and deduced arithmetic properties of X. 

For i = 1,2, we write pi : X — > P 2 for the projection to the z-th factor, and o~i : X — > X 
the involution given by p^. We take the composition of these two involutions: 

f = a 2 o ax. 

Let H be a hyperplane in P 2 , and we set Hi = p~ 1 (_ff). As in J2TJ §1], we put 

u+ = (2 + vs) [#i] - [#2], ^+ = -[^1] + (2 + V3) m 

in A^ 1 (X)k. By [21] Lemma 2.1], u + , v_ are nef and satisfy 

/>+) = (7 + 4^)^, fiy-) = (7 + 4^)^^. 

The morphism / has the positive topological entropy log (7 + 4y / 3) • Here v := z/ + +^_ = (1 + 
\/3)([i?i] + [^2]) is ample, and there are no /-periodic curves on X (cf. Proposition 13. 1( 2)). 

Another example of a K3 surface is a smooth hypersurface of tridegree (2, 2, 2) in P 1 x P 1 x 
P 1 . It has three natural involutions o~\, o~%, 03, and the composition / := ff 3 o a 2 o ^ has the 
positive topological entropy log (9 + 4v^5) . In this case also, there are no /-periodic curves, 
we refer the reader to [TJ [T71 [22] , for its arithmetical properties. See also [HI Introduction]. 

Example 3.6 (More K3 surface automorphisms). Let S be an even lattice of signature (1, 1), 
which represents neither nor —2. Then O(S) := {g : S — > S \ g is a lattice isometry} is 
infinite, and there is g$ such that the eigenvalues of g are given by A, A -1 for some A > 1 (cf. 
[201 Example in p. 581]). 
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Let L K3 denotes the K3 lattice, i.e., the even unimodular lattice of signature (3, 19). We 
take a primitive embedding S L K3 ([21 Chap. I, Theorem (2.9)]), by which we regard S as 
a sublattice of Lkz- Let T be an orthogonal complement of S in Lr- 3 . We set g := (gs, It) 
acting on S © T. Since 5*/ 5 is a finite group, by replacing g by g n for some positive integer 
n, we may assume that g acts on S*/S trivially. Then g extends to a lattice isometry 

g '■ Lkz — > Lk3- 

We take a surface X and an isometry p : H 2 (X, Z) — > Lk 3 such that the Neron-Severi 
lattice and the transcendental lattice of X are respectively given by S and T via p. Since 
<? acts on T identically, g is a Hodge isometry. Moreover, since S does not represent —2, g 
preserves the ample cone. Then Torelli's theorem ([21 Chap. VIII, Proposition (6.2)]) yields 
that there is an automorphism / : X — > X such that /* is conjugate to g via p. The 
automorphism / has topological entropy log A > 0. 

Example 3.7 (Abelian surfaces and Kummer surfaces). Following [8] and [TS1 §4], we present 
some automorphisms of abelian surfaces and Kummer surfaces of positive topological en- 
tropy. (Some of the notation here will be used in the proof of Lemma [3.81 ) 

Let X be an abelian surface over C, and / : X — > X an automorphism. We fix an analytic 
isomorphism X ~ C 2 /A, where A is a lattice in C 2 . We put v : = /(0), and let t v : X -»• X 
the translation by v. Then there is a group isomorphism g : X — > X such that / = t v o g. 

Let V G C 2 be a lift of u, and TV : C 2 -> C 2 the translation by V. We denote by 
G : C 2 -> C 2 the lift of g such that G(0) = 0. Then F := T v o G is the lift of / such that 

F(0) = V. We take the matrix P = ») 6 GL 2 (C) presenting G. Let Ql/3 be the toots 

of the characteristic polynomial of P such that |a| > \(3\. 

By identifying H X > X (X, R) as the space of translation-invariant (1, l)-forms on X, we com- 
pute the action of /* on H l,1 (X, K) to find that the spectral radius A of f*\ H i,irxw\ ls gi ven 
by A = \a\ 2 (cf. [TBI §4])- We also note that \a/3\ = \ps — qr\ = 1 (cf. [T81 §4]). In particular, 
if \p + s\ > 2, then / has positive topological entropy. 

Let [—1] : X — > X be the inverse morphism. Let K be the Kummer surface associated 
with X, i.e., the K3 surface obtained by resolving the 16 ordinary double points of X/[— 1]. 
In the sequel, we assume v — 0, i.e., / = g. In this case, since / commutes with [—1], / 
induces the isomorphism f : K K. By [TH §4], / has the same topological entropy as /. 

Let C be a nodal curve on K that corresponds to one of the 16 ordinary double points of 
X/[— 1]. Then C is /-periodic. Specifically, if Cq be the nodal curve which corresponds to 
the origin of X/[— 1], then /(Co) = C and /| G : C — ► C is conjugate to 

P 1 3 (x : Xi) i — ► (px + gxi : rx + sx x ) G P 1 

via a suitable isomorphism C = IP 1 . 

For concrete examples, we consider an abelian surface X which is the product of an elliptic 

curve E and itself: X = E x E. Then for each P = G SL 2 (Z) with \p + s\ > 2, 

the group isomorphism / : X — > X given by f(x,y) = (px + qy,rx + sy) induces the 
automorphism / : K — > K of positive topological entropy. 

In the rest of this section, we consider a version of Proposition 12.51 for M-divisors modulo 
M-linearly equivalence class. 
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Lemma 3.8. Let the notation and assumption be as in Proposition \2. 51 

(1) Then there are M.-divisors D + and D_ on X with [D + ] = v + and [Z?_] = V- that 
satisfy 

f*(D + )~ R \D + and f*(D_) ~ R A _1 D_. 

Further, if X is not birational to an abelian surface, then such D + and D_ are unique 
up to W-linearly equivalence classes. 

(2) We set D := D + + D-. Then D is an W-divisor on X with [D] = v that satisfies 

f*(D) + f- U (D) ~ K (A + A- 1 )^. 

Proof. Since the assertion (2) follows from (1), it suffices to show (f). 

Case 1: Suppose X is not birational to an abelian surface. Then X is either a rational 
surface, or a surface birational to a K3 surface or an Enriques surface. In either case, we 
have H X (X, Ox) = 0. Then the exponential sequence yields 

— ► C1(X) H 2 {X,Z). 

Hence C1(X)k = N l (X)^ via c\. Thus the existence and uniqueness of D,D + ,D_ follows. 

Case 2: Suppose X is birational to an abelian surface. We will show the existence of D + . 
The existence of D_ is shown similarly. From the arguments in the proof of Lemma 12.21 we 
may assume that X is an abelian surface. 

Since A is an eigenvalue of /* : iV^X) — > A^ 1 (X), A is a unit, i.e., both A and A -1 are 
algebraic integers. We put k = [Q(A) : Q]. Let 

S(t) := t k + cit k ~ l + ■■■ + c k - X t + c k 

be the irreducible monic polynomial with 5(A) = 0. By Theorem 12.1( 2). the roots of S(t) 
are given by 

{A, A -1 , 71, 7l, . . . , 7* ; _ 1 , tEZT}' 

2 2 

where | -y^ | = 1. 

Since A is an eigenvalue of /*, there is a nef class v° + e N X {X) ®i Z[A] with f*{y\) — A^+- 
Since v+ = cv+ for some c > 0, the existence of an M-divisor D° + for z/° (i.e., [D° + ] = v\ 
and f*(D+) ~r D° + ) implies the existence of an R-divisor D + for v+. Indeed, we just put 
D + := cD+. Hence we may assume that v + = 

Since C1(X) -> N^X) is surjective, we take D' + e C1(X) ® z Z[A] with [D' + ] = u+. Let 
Cl°(X) the kernel of Cl(X) -> N l (X). Then T := /*(£>+) - AD^ belongs to C1°(X) ® Z Z[A]. 

Claim 3.8.1. T/ie map /* - Aid : C1°(X) ® z Z[A] -> C1°(X) ® z Z[A] ^s surjective. 

We will show the claim at the end. For the moment, we admit the claim and proceed the 
proof. Admitting Claim EJLU there is V G C1°(X) ®z Z[A] such that f*(V) - AT' = T. We 
put D + := D' + - V. Then [D+] = v+ and f*(D+) - \D + = 06 C1(X) ® % Z[A]. Hence we 
get the existence of D + for u + . 

We are left to prove Claim 13.8.11 To see this, let us see the action of /* — A id on 
C1°(X) ® z Z[A] in more detail. We use the notation in Example 13.71 

Let H := Hom^C 2 , C) be the space of C-antilinear forms I : C 2 — > C. Let A := {/ G 
Q | ImZ(A) C Z} be the dual lattice of A. The dual abelian surface of X is defined 
by X := f2/A. By [U Proposition 2.4.1], there is a canonical isomorphism X ~ C1°(X). 
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We define G : Vt — > Q by / i— > Z o G. Then G induces an automorphism g : X — * X. 
Then, by jU Eqn. (1) in p. 35], one sees that /* = g under the canonical isomorphism 
C1°(X) ~ X. (We note that, for L G C1°(X) and v G X(C), we have t*(L) = L by 01 
Lemma 2.3.2, Proposition 2.4.1].) 

We define the basis {h,h} of fl = Honi{j(C 2 ,C) by Zi (21,22) = 2l and £2(21, 22) = 22- 

Then G is represented by the matrix *P = ( _ 

To show the claim, it suffices to show 

G® Z Z[A] - Aid:Q 

is surjective. (Note that A in Aid acts on Q ®i Z[A] through Z[A].) We take the Z-basis 
{1, A, • • • , A fc_1 } of Z[A] over Z. Then, with the basis {Zi ® 1, Z 2 ® 1, Zi ® A, Z 2 ® A, . . . , h ® 
A fe ~\ Z 2 ® A fc ~ 1 } of the C- vector space H® Z Z[A], G® Z Z[A] - A id is represented by the (2k, 2k) 
matrix 



Z[A] -> n ® z Z[A] 



M 









*p 











tp 

-7 



Ck-J 



_c 2 I 

i p + ci/y 



G M(2k,2k;C). 



We have detM = S(a)S(f3), where a, (3 are the eigenvalues of t P with |a| = vA and 

Since A, A 1 are the only roots of S(t) outside the unit circle, we get S(a) 7^ and 
S(j3) ^ 0. Hence det It follows that G ® z Z[A] - A id is surjective. □ 



Remark 3.9. If A is a quadratic irrational number, then, with a suitable u, D can be taken 
as an integral divisor, (cf. Remark 12. 6p . 



4. Preliminaries on height functions 

In the latter half of this paper, we turn our attention to arithmetic properties. In this 
section, we briefly review some facts on height functions and fix notation. A general reference 
is [T2"| Part B] for example. 

Let if be a number field, and Ok its ring of integers. For x = (x : • • • : xjy) G F N (K), 
the logarithmic naive height of x is defined by 

22 logmax{||a;i||p} + 2J logmax{|cr(x;)|} , 

PeSpec(O A -)\{0} ' cr:K<-*C 

where ||xi||p = #(0^/P)^ ordp ^ i - ) . This definition naturally extends to all points x G P 7V (Q), 
and gives rise to the logarithmic naive height function h nv : P 7V (Q) — > M. 

We state Weil's height machine, which associates a height function to every M-divisor, and 
summarize some properties of height functions. By a divisor we mean a Cartier divisor. For 
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a proof, we refer the reader to [121 Theorem B.3.2]. See also [14"t Theorems 1.1.1, 1.1.2]. In 
the following, 0(1) denotes a bounded function on X(K). 

Theorem 4.1 (cf. [12] Theorem B.3.2). Let K be a number field. For any projective variety 
X over K and any R- divisor D on X , there is a way to attach a real-valued function, called 
a height function corresponding to D, 

h x>D : X(K) -> R 

with the following properties. 

(i) (Additivity) h x ,D 1+ D 2 = h x>Dl + h x ,D 2 + 0(1) for any D 1 , D 2 £ Div R (X). 

(ii) (Normalization) If H is a hyperplane in F N , then h ¥ N jH = h nv + 0(1). 

(iii) (Functoriality) If f : X — > Y is a morphism of projective varieties and D £ Div^F) 
with f(X) £ Supp(£>), then h XJ * D = h Y>D of + 0(1). 

The height functions h Xt z> are uniquely determined, up to 0(1), by the above three properties. 
Moreover, they satisfy the following properties. 

(iv) (Linear equivalence) If Dx,D 2 £ DivRpf) are M.-linearly equivalent, then h x ^D 1 = 
h X j h -()(\). 

(v) (Northcott finiteness property) Assume D £ Div^X) is ample. Then for any positive 
integer d and real number M , the set 

{x £ X(K) | [K(x) :K]<d, h x , D {x) < M} 

is finite. 

(vi) (Positivity) IfD £ Divjg(X) is effective, then there is a constant c such that h x £>(x) > 
c for all x £ (X \ Supp(-D))(X). If D' £ Diva(X) is ample, then there is a constant 
d such that h Xj u'(x) > d for all x £ X(K). 

(vii) If Di,D 2 £ Divu(X) are ample, then there are positive constants ai,a 2 > and 
constants b\, b 2 £ K. such that 

a\h X)Dl (x) +h < h x> D 2 (x) < a 2 h X)Dl (x) + b 2 

for allx eX(K). 

A function that coincides with h x ,D up to 0(1) is also called a height function correspond- 
ing to D. In virtue of Theorem I4.1( iv). for a linear equivalence class D £ C1(X) ® M, we 
define h Xj r> to be a height function corresponding an M-divisor which represents D. We will 
often write ho in place of h x ,D when X is obvious from the context. 

5. Canonical height functions 

Let X be a smooth projective surface over a number field K C C, and / : X — ► X an 
automorphism over K. Let fc '■ Xc — > Xc be the automorphism induced from /, where 
fc '■= f XSpec(K) Spec(C) and Xc := X x Spcc (^) Spec(C). We define the topological entropy 
of / by that of fc. 

Lemma 5.1. The M.-divisor classes v,i/ + ,i/_ £ X 1 (Xc)r in Proposition \2.5L the maximal 
f -invariant curve E on Xc in Eqn. ( 13.21) . and the M.-divisors D, D + , D_ on Xc in Lemma \37R 
are all defined over K . 
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Proof. We set X% := X x Spcc(K) Spec(X). We claim that N l (X^) = X^Xc) naturally. 
Noting that a divisor refers to a Cartier divisor, Cl(S') is canonically isomorphic to Pic(S') 
for a projective scheme S over a field. In this proof, we use Pic instead of CI. 

Let Pic x _/x be the Picard scheme, and Pic^_^ the connected component of Pic x _^ 

that contains the trivial line bundle. In our case, Pic^,-^ is also the irreducible component 

K' 

of Pic x— ft? that contains the trivial line bundle. 

By §8.1 Proposition 4], we have Pic x _ /7? (X) = Pic(X 7r ) and Pic x _ /7? (C) = Pic(X c ). 
Since, for an integral domain A over K, A^-^C is an integral domain, we have Pic x _^(K) = 
Pic°(X^) and Pic^_ /7? (C) = Pic°(X c ). Hence Pic(X^)/Pic°(X^) = Pic(X c )/Pic°(X c ) (= 

By Matsusaka's theorem [16], we have X^X^) = (Pic(X^)/ Pic°(X^)) /(t orsion) and 
N\X C ) = (Pic(X c )/Pic°(X c )) /(torsion). Hence N\X W ) = N\X C ). We then see that 
u, u + , i/_ in Proposition 12.51 are defined over K. 

Next, we show that E is defined over K. We fix an ample line bundle 0(1) on and 
let P be the Hilbert polynomial of E. Let H := Hilbp(X^/X) be the Hilbert scheme. Let 
e : Spec(C) — ► H be the C-valued point corresponding to E, and e the scheme point, i.e., 

the image of e in H. Let k be the residue field of 0^ e . Via Spec(C) A 7^ — > Spec(X), we 
have X C k C C. We claim that k — K . To see this, suppose k ^ K. Then there is an 
automorphism o : C — > C such that = id and such that ct(k) 7^ Let cr* : Spec(C) — > 
Spec(C) and a* : Xq — > Xc be morphisms induced by cr. Since E is the (unique) maximal 
/-invariant curve, we see that a*(E) = E. Hence e o cr* — e, and = k. This is a 
contradiction. Thus k — K, and e decomposes into Spec(C) — > Spec(X) — > 7i. Hence £7 is 
defined over K. 

Suppose X is not birational to an abelian surface. Then Cl(X^) ~ N l (X^) implies that 
D, D + , in Lemma 13.81 are defined over K. 

Suppose now X is birational to an abelian surface. We see that the morphism /* — A id : 
Pic^_ ,^ ®zZ[A] — > Pic x _/K ®zZ[A] is surjective, because /* — Aid : Pic^_,^(C) Cg>z Z[A] — > 

Pi4_/^(C) ® z Z[A] is surjective by Claim ESU Hence /* - Aid : Pk°(X F ) ® z Z[A] -»■ 

Pic°(X^) ® Z Z[A] is surjective. A similar argument as in the proof of Lemma I3TB1 shows that 
D, D + , D- are defined over K. □ 

In virtue of Lemma 15.11 we will often replace K by its suitable finite extension so that D 
and E are defined over K. 

Theorem 5.2. Let X be a smooth projective surface over a number field K C C, and 
f : X — *■ X an automorphism of positive topological entropy log A > 0. Let D be a nef 
and big M.-divisor in Lemma \3. S\ and E the maximal f -invariant curve. Replacing K by a 
suitable finite extension if necessary, we assume that D and E are defined over K . Then 
there exists a unique function 

h D : X(K) -> R 

with the following two properties. 

(i) ho is a height function corresponding to D. 
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(ii) h D (f(x)) + h D (f~\x)) = (A + A" 1 ) h D {x) for all x G X(K). 
Moreover, ho satisfies the following properties. 

(iii) h D (x) > for all x E X(K). 

(iv) Ifx G E(K), thenh D (x) = 0. 

(v) Suppose x G (X \ E)(K). Then Hd{x) =0 if and only if x is f -periodic. 

(vi) ho satisfies the Northcott finiteness property on (X\E)(K) : For any positive integer 
d and real number M , the set 

{x G (X \ E)(K) | [K(x) :K]<d, h D (x) < M} 

is finite. 

We call ho a canonical height function for / (and D). 

Proof, (i) and (ii) This follows from a similar argument as in [2H Theorem 1.1]. Since 
A > 1 and f*(D) + f~ u (D) ~ M (A + A" 1 ) D by Lemma E2£2), Theorem O^i) (ii) is also a 
special case of [HJ Theorem 1.2.1], once we regard (X; f, / _1 ) as a dynamical eigensystem 
for D of degree (A + A -1 ). 

For the sake of completeness, we briefly sketch a proof in line with [21]. Let D + ,D- be 
as in Lemma T3.81 and hr> + , ho- any height functions corresponding to D + , £)_, respectively. 
Since 

(5.1) f*(D + )~ w \D + and /*(£)_) ~k \~ 1 D_, 
Tate's telescoping argument asserts that the following limits exist: 

(5.2) h D+ {x):= lim hi D+ (f n (x)) and h D _{x) := lim -Ufl- (f^x)) . 

n— >+oo \ n n-^+oo \ 11 

Then and hp_ are height functions corresponding to D + and £)_, which satisfy hn + °f = 
Xhrj + and h D of — X^ x h D _, respectively. One defines 

(5.3) h D := h D+ +h D _. 

One can check that hp satisfies (i) and (ii). If hp and h' D are two such functions, then 
hjj — h' D is bounded and satisfies (A + A -1 ) \\ho — ^|| SU p < 2 \\h£> — h' D \\ snp) from which the 
uniqueness follows. 

We remark that it follows from (15. ip that 

(5.4) P*(D) + f~ n *(D) ~ M (A" + \- n ) D 
for any n G Z. It follows from hr> ± of— \ ± hr> ± and (15.31) that 

(5.5) h D (f n (x)) + h D (r n (x)) = (A" + \- n ) h D (x) 

for any n G Z and x G X(K). In the following, for clarity of the argument, we prove 
Theorem I5.2( iii)-(vi) in the order of (iv), (iii), (vi), (v). 

(iv) To show (iv), we may replace K by a suitable finite extension so that every component 
of E is geometrically irreducible. Let x G E(K). Let C be an irreducible component of E 
such that x G C(K). Since C is an /-periodic curve, there is a positive integer n such 
that f n {C) = C . We take D' ~r D such that any component of Supp(-D') is not equal to 
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Supp(C), and we set L := D'\ c . We take the normalization cp : C — * C, set L := (f*(L), and 
write f n : C — > C for the the automorphism induced by / ra . Then L is an M-divisor on C 
such that f n *(L) + J~ n *{L) ~ K (A n + X~ n )L. It follows from Lemma below that L ~ R 0. 



We put h :— (hp 



c 



o <p. Since ft is a height function corresponding to L ~r 0, ft is a 

bounded function. Further, since ft, satisfies Eqn. (15. 5 p with ft and f n in place of hp and / n , 
we conclude ft = 0. Thus h D (x) = 0. 

(iii) By (iv), we have only to show that ho{x) > for all x G (X \ E)(K). By Proposi- 
tion [L3] and Proposition 13.11 there is an effective divisor Z with Supp(Z) C Supp(-E') such 
that D — eZ is ample for sufficiently small e > 0. Let hz be a height function corresponding 
to Z. Then by Theorem I4.1( vi). there is constant c\ such that 

(5.6) h D (x) - eh z {x) > c x for all x E X(K). 
Since Supp(Z) C Supp(^), there is constant C2 such that 

(5.7) h z (x) > c 2 for all x e (X \ E)(K). 

Note that / induces the automorphism of X \ E. Then Eqn. (15. 5ft yields that, for any 
xe(X\E)(K), 

M*) = a" + a-» (^(/ n W)+^(/" n W)) ^ a^Ta^ 2(ci + £C2) - 

Letting n — > +oo, we get hr>(x) > for x G (X \ E)(K). 

(vi) If £ G (X\£)(iT) satisfies ft D (x) < M, thenh D (x)-eh z (x) <M-ec 2 by Eqn.(J5ZJ. 
Hence 

{xe(X\ E)(K) | [K(x) : K] < d, h D (x) < M} 

C {x G X(Z) | [K(x) : < d, h D {x) - e/i z (x) < M - ec 2 }. 

Since /i_d — ehz is a height function corresponding to an ample M-divisor, the latter set is a 
finite set by Theorem I4.1( v). 

(v) Assume x is /-periodic. Then f n (x) = x for some positive integer n. By Eqn. (15. 5p . 
we get hn{x) = 0. On the other hand, suppose x G (X \ E)(K) satisfies hn{x) = 0. Then 
by (ii) and (iii), we get hu(f n (x)) = for all n G Z. By (vi), we find that {f n (x) \ n G Z} 
is a finite set. It follows that x is an /-periodic point. □ 

Lemma 5.3. Let C be a smooth projective curve, f an automorphism of C, and A > 1 a 
positive number. Suppose that an M>-divisor L on C satisfies 

(5.8) r(L) + /- 1 *(L)~ M (A + A- 1 )L. 
Then L ~k 0. 

Proof. By induction on n, we have f n *(L) + f~ n *(L) ~k (A n + \~ n )L, so that we may 
freely replace A by A n and / by f n to prove the lemma. 

Suppose that g{C) = 0. Since f*(L) ~r L and / _1 *(L) ~k L, Eqn. (15. 8p implies that 
(A + A" 1 - 2) L ~ M 0. Hence L ~ R 0. 
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Next, suppose that g(C) = 1. We fix any point O of C and regard C as an elliptic curve 
with the origin O. Since the set of the group isomorphisms of C is a finite set, by replacing 
/ by a suitable f n , we may assume that / is a translation. By the theorem of the square, 
we then get f*(L) + f' u (L) ~ R 2L. Thus L ~r from Eqn. (Oil . 

Finally, suppose that g{C) > 2. Replacing / by a suitable f n , we may assume that / = id. 
Then Eqn. (I5.8p implies L ~r 0. □ 

Remark 5.4. In Example 13.51 let hsn denote the canonical height function on X over a num- 
ber field, which is constructed in [21j Theorem 1.1]. As is checked in [141, Proposition 1.4.1], 
hsa = (1 + \/3) h Hl+H2 . 

We need in §6.31 the following proposition. 

Proposition 5.5. Let the notation be as in Theorem \5.& Let hr>, and hjj_ as in Eqn. ( 15.21) . 

(1) h D+ (x) > andh D _(x) > for all x G X(K). 

(2) Forx G (X\E)(K), one hash D+ {x) = ^^h D _(x) = <^>h D {x) = 0. 
Proof. We follow gT]. 

(1) Since hp is non-negative by Theorem I5.2( iii). we have, for any x G X(K), 

h D+ (x) = \- n h D+ (r(x)) > -\- n h D _(f r \x)) = -\- 2n h D _(x). 

Letting n — > +oo, we get hn + {x) > 0. Similarly ho_{x) > 0. 

(2) Let L be an finite extension field of K over which x is defined. Suppose /i_d + (x) = 0. 
Then we have 

h D (f n (x)) = h D+ (f n (x)) + h D _(f n (x)) = \' n h D _{x). 

Thus 

{f n (x) | n = 1, 2, . . . , } C {z G {X \ E){L) \ h D {z) < h D _ (re)}. 
By Theorem I5.2( vi). {f n (x) | n = 1,2,...,} is a finite set. It follows that x is /-periodic. 
Then Theorem I5.2( v) yields ho(x) = 0, so that ho_{x) = 0. The other directions are shown 
similarly. □ 



6. Arithmetic properties of / 

6.1. Automorphisms of curves. In this subsection, we show some elementary arithmetic 
properties of automorphisms of curves, which will be needed in the sequel. 

Let / : P 1 — ► P 1 be an automorphism over a number field K. Then there is a matrix 

r s 

{x : y) G P^TT). Let P G GL 2 (K) be a matrix such that G := P~ l FP G GL 2 (iT) is 
the Jordan canonical form of F. Then G is one of the following types: 



G GL 2 {K) such that / is given by f(x : y) = (px + qy : rx + sy) for 



(i) G = , where ^ is a root of unity; 

(ii) G — ( q ^ J , where j| is not a root of unity; 
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fin) G 



with a G K\ {0}. 



a 1 
a 

Let p : P 1 — > P 1 be the automorphism induced from P, and g : P 1 
induced from G. 

As in §|U let ft, nv : P 1 (if) — > R denote the logarithmic naive height function. 
First we consider /-periodic points. 



P 1 the automorphism 



Lemma 6.1. (1) If G is of type (i), then f is periodic, i.e., f n = id for some n > 1. 

(2) If G is of type (ii), then the set of f -periodic points in P 1 (i^) consists of two points. 

(3) If G is of type (iii), then the set f -periodic points in P 1 (K) consists of one point. 

Proof. Since / is conjugate to g, it suffices to show the lemma for g in place of /. For g, 
the assertions are readily checked. □ 

Next we consider non /-periodic points. We take a non /-periodic point x G P 1 (K). We 
write Of(x) = {f n (x) | n G Z} C ¥ l (K) for the orbit of x under /. For T > 0, we set 

N f , x {T) := #{y G O f (x) | h nv (y) < T}, 

which depends on T, Of(x) and 

For real- valued functions ki(T), k 2 (T), we write 

fci(T) >< fca(T) as T -> +oo 

if there are positive constants ai,02 > such that a\ki(T) < k%(T) < a2k\(T) for all 
sufficiently large T. As usual, we set \og + x := logmaxja;, 1} for a positive real number x. 

Lemma 6.2. (1) If G is of type (ii), &en Nf iX (T) X T as T ^ +oo. 
(2) J/G zs o/ type (iii), tfiera iV />a .(T) X exp(T) as T -> +oo. 

Proof. To prove the lemma, we may replace by a finite extension field. So we may 
assume that g : P 1 — > P 1 and p : P 1 — > P 1 are defined over i^. We take a finite extension 
field L of K over which x is defined. We put y = (yo : yi) : = p _1 (x) G P X (L). 

By Theorem I4.1( iv). there is a constant c such that \\h nv — h nv op\\ sup < con P 1 (i^). Then 

\h nv {f n {x)) - h nv (g n (y))\ = \h nv {p{9 n {V\x))) - h nv (g n (y))\ < c 

for all nsZ. Hence we get N gtV (T — c) < Nf )X (T) < N g ^ y (T + c). This estimate shows that 
it suffices to show the lemma for g and y. 

(1) We note yo2/i 7^ 0. Since j| is not a root of unity, h nv ((a : /?)) 7^ 0. Since (a" : /5 n ) = 

and g n {y) = (a n y : f3 n yi ) = ((f )"g . i\ we have 



(6.1) 
(6.2) 

Ms n (2/)) 



[L: 



E 

PeSpec(O L )\{0} 



E * 

PeSpec(Oi)\{0} 





n 




' yi 



E ^ 



/v 2/1. 
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For any real numbers a,b > 0, we have max{ab, 1} < max{a, 1} max{5, 1}. Putting 

-l 



we get 



— and b 



in Eqn. ( 16. ip . and putting a 



and 6 = ^ in Eqn. 



Kv{9 n (y)) - h nv (y) < h nv {{a n : /?")) = |n|M(« : /?)) < h nv (g n (y)) + h nv (y). 



Then lim^. 



jv 3 , M (r) 

-oo y 



Hence A^(T) X T as T -> +oo. 



" hnviUpcP))- 

(2) We note ?/i 7^ 0. Since G GL 2 {K) is also a lift of / : P 1 — » P 1 , we may assume that 



a = 1. Then # n (?/) = (y + m/i : 3/1) = (jj + n : 1). We get 



M<? n (*/)) 



[L: 



PGSpec(O L )\{0} 



2/1 



a 



+ n 



Since ||n||p < 1 for all n, we have < log^ 



yo _ 


- n 


< log + 


2/0 


yi 




p 


yi 



d (depending on y) such that 



log^ 



if) 



— log Inl 



. Also there is a constant 



< c' for all nonzero n G Z and 



a. Then there is a constant c" (depending on y) such that \h nv (g n (y)) — log |n|| < c" for all 
nonzero ?i6Z. Hence N g ^ y (T) 3>-C exp(T) as T — ► +00. □ 

For automorphisms of curves in general, we have the following. 

Lemma 6.3. Let C be an geometrically irreducible curve over a number field K , and f : 
C —> C an automorphism over K . Let H be an ample divisor on C , and we fix a height 
function hn corresponding to H . Then we have the following. 

(1) Either (i) / is periodic, or (ii) there are only finitely many f -periodic points on 
C(K). 

(2) In the case (ii), let x G C(K) be a non f -periodic point. Then 

#{y G O f (x) I h H {y) < T} X T or #{y G O f (x) | h H {y) < T} >< exp(T) 
as T — ► +00. 

Proof. Let (p : C —>■ C be the normalization, and / : C — > C the automorphism induced 
by /. The assertion for (C, f) follows from that for (C, /). Hence we may assume that C is 
smooth. 

Case 1: g{C) = 0. This case is already treated in Lemma [6.11 and Lemma [6.21 
Case 2: g(C) = 1. We fix any point O of C and regard C as an elliptic curve with the 
origin O. As in the proof of Lemma 15.31 f° r some n G Z >0 , f n is a translation by a point 
a G C(K). If a is a torsion point, then f nm = id for some m G Z>o, so that we have (i). If a 
is not a torsion point, then f nm (x) = x + ma 7^ x for any x G C{K) and for any m G Z >0 . 
This shows that there are no /"-periodic points. Hence there are no /-periodic points, so 
that we have (ii). 

Regarding (2), we will show that 



(6.3) 



#{y G O f (x) I h H (y) < T} »« T (T - +00) 
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for any non /-periodic point x. First we claim that we may replace / by f n . Indeed, suppose 
Eqn. (16.31) holds for f n and for any non /"-periodic point. We will then have 

(6.4) #{y G O f (x) | h H (y) < T} 

n-l 

= *{V e °Af( x )) I h H (y) < T} »« T (T - +oo). 

Hence, replacing / by f n , it suffices to show (I6.3P when / is a translation by a. Here a is a 
non-torsion point, since we consider the case (ii). By Theorem 14. l( vii) , we may assume that 
hn is the Neron-Tate height function h^T corresponding to an ample symmetric divisor. We 
set 2B(x,y) := h^r^x + y) 2 ~~ ^vt(^) 2 — h^rdl) 2 - Since B is a bilinear form, we get 

hNT{f n {%)) = h NT {x + na) = \/ }int(x) + 2nB(x, a) + n 2 hNT(a). 

Since a is a non-torsion point, we have tiNT^a) ^ 0. Hence #{y G Of(x) \ h^T^y) < T} 3><C 
T as T — > +oo. 

Case 3: g(C) > 2. Then f n = id for some positive integer n. Thus we have (i). □ 

6.2. /-periodic points. Let / : X — ► X be a smooth projective surface automorphism 
over a number field K C C, which has positive topological entropy. Let if be an ample line 
bundle on X, and hu a height function corresponding to H. A subset S C X(ii') is said to 
be of bounded height if there is a constant c such that h H (s) < c for all s E S. 

Notice that, by Theorem 14 . 1 ( vii) . the definition of a set of bounded height is independent 
of the choice of ample line bundles H. The Northcott finiteness property (Theorem I4.1( v)) 
asserts that if S is a set of bounded height then {s G S \ [K(s) : K] < d} is finite for every 
positive integer d. 

The set of all /-periodic points in X(K) is infinite (cf. pO, Theoreme in p. 906]). We would 
like to know if it is a set of bounded height. If there is an /-periodic curve C such that 
C is pointwisely fixed by f n for some positive integer n, then {/-periodic points in X(K)} 
contains C(K) and so is not a set of bounded height. On the other hand, the following 
theorem asserts that, if there are no such curves, then the set of all /-periodic points is of 
bounded height. 

Theorem 6.4. Let X be a smooth projective surface over a number field K , and f : X — > X 
an automorphism of positive topological entropy. Let E be the maximal f -invariant curve. 

(1) The set {/-periodic points in (X \ E)(K)} is of bounded height. 

(2) Suppose that no f -periodic curve is pointwisely fixed by f n for each n. Then the set 
{/-periodic points in X(K)} is of bounded height. 

Proof. (1) As in the proof of Theorem I5.2( iii). let hz be a height function corresponding 
to an effective divisor Z, where Z satisfies Supp(Z) C Supp(i?) and D — eZ is ample for 
sufficiently small e > 0. Since hz(x) > c% for all x G (X \ E)(K) by Eqn. (15.71) . we have 

{/-periodic points in (X \ E)(K)} = {x G (X \ E)(K) | h D (x) = 0} 

C {x G (X \ E)(K) | (h D - eh z ){x) < -ec 2 }. 
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Since hp — ehz is a height function corresponding to an ample M-divisor, the latter set is a 
set of bounded height by Theorem 15. 2( vi). 

(2) We use Lemma 16.3( 1). The assumption of Theorem 16.4( 2) says that the case (i) of 
Lemma 16.3( 1) does not occur, so that {/-periodic points in E(K)} is a finite set. Hence, 
trivially, {/-periodic points in E(K)} is a set of bounded height. Now the assertion follows 
from (1). □ 

6.3. Non /-periodic points. We keep the notation in §6.21 In particular, hu denotes a 
height function corresponding to an ample divisor H on X. 

Let x be a non /-periodic point of X(K). As in §6.11 let Of(x) := {f n (x) \ n G Z} be the 
orbit of x under /. We set 

N f}X (T) : = #{z G O f (x) | h H (z) < T}, 
which depends on T, Of(x) and h H . We remark that we count Nf tX (T) with respect to h H 
and not hp- 

Suppose further that x does not lie on E. Then it follows from Theorem I5.2( v) and 
Proposition 15.5( 2) that ho + (z) > and ho^(z) > for any z G Of(x). Following |21j, we 
set 

log (h D+ (z)h D _(z)\ 

for z G Of(x). We see that hr>{Of(x)) is independent of the choice of z G Of(x). 



Theorem 6.5. Let the notation and assumption be as in Theorem \ 6.4\ We take a non 
f -periodic point x G X(K). Then we have the following. 

(1) (a) The general case: If x is not on E, then Nf jX (T) ^><C logT as T — ► +oo. 

(b) The special case: If x is on E, then either Nf tX (T) ^>^C T or Nf >x (T) ^>^C 
exp(T) as T — > +oo. 

(2) In the case (a), we have a refined estimate in terms of ht op {f) and Hd'- 

NUT) = T \ T \ogT-h D {O f {x)) + 0{l) (T-oo), 

n top{J ) 

where the 0(1) constant is independent of x (but depends on hn)- 
Proof. (l)(a) This follows from (2) below. 

(l)(b) Let Cq be an irreducible /-periodic curve such that x G Cq(K). Let k be the 
smallest positive integer such that f k (Co) = Co. We set Ci := f l {C\) for i — 1, . . . , k — 1. 
We also set xq := x and Xi := f l (x) for % = 1, . . . , k — 1. Since x is not /-periodic, as in (16.41) 

we get 

fc-i 

V/.,(V) ^.Y ; ,..,,iV). 

i=0 

By Theorem 14 . 1 ( vii) . there are positive constants ai, c»2 and constant b±, 62 such that a\hn + 
bi < h nv < a2hn + b 2 on every Ci. Since f k (Ci) = Ci and Xi is not /-periodic, Lemma [6731 
asserts that Nfk jX .(T) ^>^C T or Nfk >Xi (T) 3>-C exp(T) as T — > +00. Thus we get the 
assertion. 
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(2) We can prove (2) as in [211 Theorem 1.3], together with comparison of hu and ho- 
Indeed, we set 

E(T) := #{z G O f (x) | h D (z) < T}. 
Since x is non /-periodic, we have 

E(T)=#{neZ|A i) (f( I ))<T} 

= #{n G Z | X n h D+ (x) + \~ n h D _(x) < T}. 

It follows from [2T1 Lemma in p. 366] that, if T 2 > Ah D+ (x)h D _(x), then 



log- 



T 2 



-1 < E(T) - 4feD+W/tg - W < 1 + ^1. 

log A log A 

Since h top (f) = log A by Theorem 12.1( 1). we get 

(6.5) S (T) = -^— logT-h D (O f (x)) + 0(l) (T^+oo). 

n>top{J) 

Since is a height function corresponding to an ample M-divisor, there is a positive constant 
ai > and a constant &i such that 

(6.6) h H {x) > aih D (x) + b x for all x G X{K). 

On the other hand, by Proposition 11.3( 2) and Eqn. (15.71) . there is a positive constant a 2 > 
and a constant b 2 such that 

(6.7) h H (x) < a 2 h D (x) + b 2 for all x E (X \ E)(K). 

Since x is not on E, we have Of(x) C (X\£')(i^). Now the assertion follows from Eqns. (16. 5p . 
and ([62]). D 

For x G X(iiT), let Ot(x) := {/ n (x) | n G Z>o} denote the set of forward-orbit of x under 
/. If x is not /-periodic, we set N~j x {T) := #{z G 0~f(x) \ hu{z) < T}. Then we have the 
following corollary. 

Corollary 6.6. If x G (X \E)(K) is not f -periodic, then 

logT htopif) 

Proof. For T ^> 1, we set 

S(T) := {n G Z> | X n h D+ (z) + A~ n /t D _(,2:) < T}. 

If n G 5(T), then X n h D+ {z) < T. Thus #S(T) < 2+ logT " i '°^ D + (2) . On the other hand, if n G 

Z> satisfies X n h D+ (z) + h D _(z) < T, then n G S(T). Thus #S(T) > iggP^^Hgs^f) _ 
By Eqns. (16.61) and (16.71) . we get the assertion. □ 
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